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Abstract. Topological quivers generalize the notion of directed graphs in which 
the sets of vertices and edges are locally compact (second countable) Hausdorff 
spaces. Associated to a topological quiver Q is a C*-correspondence, and in turn, 
a Cuntz-Pimsner algebra C*{Q). Given T a locally compact group and a and 
/3 endoniorphisms on F, one may construct a topological quiver Qa,/3(r) with 
vertex set T, and edge set Qa,i3{r) — {ix,y) G F x F | a{y) ~ I3{x)}. In [52 , the 
author examined the Cuntz-Pimsner algebra Oa.p(r) ■— C*{Qa,p(r)) and found 
generators (and their relations) of C'ct^^(F). In this paper, the author uses this 
information to create a six term exact sequence in order to calculate the -fC-groups 

of Oa,/3(r). 

1. Introduction and Notation 

1.1. Background. Given a quintuple Q = {X, E, r, s, A), where X and E are locally 
compact (second countable) Hausdorff spaces, r and s are continuous maps from 
X to E with r open, and A = {Xx}x&e is a system of Radon measures, one can 
create a corresponding Cuntz-Pimsner C*-algebra C*{Q). In [23], Exel, an Huef 
and Raeburn define C*-algebras associated with a system {B, a, L) where a is an 
endomorphism of a unital C*-algebra B and L is a positive linear map L : B ^ B 
such that L{a{a)h) = aL{b) for all a,b & B called a transfer operator. In fact, the 
C*-algebra they generate is a Cuntz-Pimsner algebra and under certain restrictions, 
a C*-algebra associated with a topological quiver; in particular, when B = C{T'^) 
the continuous function on the (i-torus, F G Mrf(Z) and a is the endomorphism 

for / G C{T'^) and t G M'^. Exel, an Huef and Raeburn then determine a six term 
exact sequence in which to use to calculate the i^-groups of these C*-algebras. In 
[52], the author considers a certain class of topological quivers (which extend the 
notions of Exel, an Huef and Raeburn) Q = (T, Qa,p(X),r, s, A) where F is a locally 
compact group, a and /3 are endormorphism of P, 

fi„,^(P) = {(x, y) G P X P I aiy) = /3(x)} 

and A is an appropriate family of Radon measures. The resulting Cuntz-Pimsner C*- 
algebra, denoted Oa^/^^T), was then examined and certain generators and relations 
where found. We now proceed to generalize the six term exact sequence considered 
in [23] to C*-algebras of the form Oa,/^^^) where P is a compact group. 
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1.2. Notation. The sets of natural numbers, integers, rationals numbers, real num- 
bers and complex numbers will be denoted by N, Z, Q, M, and C, respectively. 
Convention: N does not contain zero. Z+ will denote the set N U {0}, M+ denotes 
the set {r e IR I r > 0} and = 1R+ U {0}. Finally, Zp denotes the abehan group 
Z/pZ = {0, 1, — 1 mod p} and T denotes the torus {2; e C | = 1}. Whenever 
convenient, view Zp C T hy Zp = {z E T \ = 1}. 

For a topological space Y, the closure of Y is denoted Y. Given a locally compact 
HausdorfT space X, let 

(1) C{X) be the continuous complex functions on X; 

(2) Cb{X) be the continuous and bounded complex functions on X; 

(3) Co{X) be the continuous complex functions on X vanishing at infinity; 

(4) Cc{X) be the continuous complex functions on X with compact support. 

The supremum norm is denoted || ■ ||oo and defined by 

ll/l|oo = SUp{|/(x)|} 

xex 

for each continuous map / : X — )■ C. For a continuous function / e Cc{X), denote 
the open support of / by osupp f — {x E X \ f{x) 7^ 0} and the support of / by 
supp / = osupp/. 

For C*-algebras A and B, A is isomorphic to B will be written A = B; for 
example, we use C(T'^) Mn{C) ^ Mn{C{T'^)). Moreover, denotes the n-fold 
direct sum A © ■ ■ ■ © A. Given a group F and a ring R, a normal subgroup, N, of F is 
denoted N <r and an ideal, /, of R is denoted I <R. Note if i? is a C*-algebra then 
the term ideal denotes a closed two-sided ideal. Furthermore, End(F) (End(i?)) and 
Aut(F) (Aut(i?)) denotes the set of endomorphisms of F (R) and automorphisms of 
F (R), respectively. For a map 7 : F — )■ Aut(yl), the fixed point set is denoted A^' 
and defined by 

A'^ ^ {a e A \ 7(51) (a) = a for each g e F}. 
Let a e C{X) then a* e End(C(X)) denotes the endomorphism of C{X) defined 

by 

a*{f)^foa for each / e C{X). 
Let 5* be a set and define the Kronecker delta function 5 : S x S ^ {0,1} hy 

, . Jo ifs^^r 
SI :^ S{s,r) = ( 

II II s — r 

The set of n by n matrices with coefficients in a set R will be denoted Mn{R) and 
for any F e Mn{R), the transpose of F is denoted F^. Given a function a : R ^ S, 
we may create an augmented function (T„ : Mn{R) — >■ Mn{S) via 

for each {rij)^j^^ e Mn{R). Given vectors v — {vi,...,Vn) of length n and w — 
(wi, Wm) of length m, denote {v, w) to be the vector {v, w) — {vi, Vn, wi, Wm) 
of length n + m. 
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2. Preliminairies 

2.1. Hilbert C*-modules. We begin by defining Hilbert C*-modules. Further de- 
tails and references can be found in [HI [63] . 

Definition 2.1. |18] If A is a C*-algebra, then a (right) Hilbert A-module is a 
Banach space £a together with a right action of A on £a and an A-valued inner 
product (•, •)a satisfying 

(1) {^,Tia)A = {^,v)Aa 

(2) (e,r^)A=(r],OA 

(3) (e,O>0and||e|| = ||(e,e)f lU 

for all ^, rj & £a and a G A (if the context is clear, we denote £a simply by £). 
For Hilbert A-modules £ and J-", call a function T : £ adjointable if there 

is a function T* : ^ £ such that {T{C,),ri)A = (^,T*(?7))^ for all ,^ G £^ and 
rj E J^. Let C{£,J^) denote the set of adjointable (A-linear) operators from £ to J-". 
\i£ = J=, then £(f ) := £(^,^) is a C*-algebra (see |18].) Let K{£,J=) denote the 
closed two-sided ideal of compact operators given by 

IC{£, := span{0f;f | ^ G ^, G -7^} 

where 

^f,f(C) = ^(r/,C)A for each CGf. 

Similarly, }C{£) := }C{£,£) and 6'|,^ (or 6*^^ if understood) denotes 9^'^. For Hilbert 
y4-module £, the linear span of {{^,r]) |^,r7 G denoted {£,£), once closed is a 
two-sided ideal of A. Note that £{£,£) is dense in £^ ([48j). The Hilbert module £ 
is called full if {£,£) is dense in A. The Hilbert module Aa refers to the Hilbert 
module A over itself, where (a, b) = a*b for all a,b E A. 

An algebraic generating set for £^ is a subset {wijiei C £^ for some indexing set X 
such that £ equals the linear span of {ui ■ a | i E Z,a E A}. 

Definition 2.2. [37] A subset {wijiei C £^ is called a &aszs provided the following 
reconstruction formula holds for all ^ G £^ : 

^ = ^Ui■{u^,0 (in i^, II ■ ||.) 
If {ui,Uj) = 6j as well, call {wijigi an orthonormal basis of 

Remark 2.3. The preceding definition is in accordance with the finite version in 
[37j . but many other versions exist such as in |2l] where is called a finite 

Parseval frame, or in [68j where this is taken as the definition for finitely generated. 
There has been substantial work done on similar frames (see [32]). 

The following notions of C*-correspondence and morphism may be found in [56l 

El Ha HB [21 123 [2S1 EH] 

Definition 2.4. [TU|[TT] li A and B are C*-algebras, then an A~B C*- correspondence 
£^ is a right Hilbert S-module £b together with a left action of A on £^ given by a 
*-homomorphism 0^ : A — )• C{£), a ■ ^ = (pA^o)^ for a G A and ^ E £. We may 
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occasionally write, a£-b to denote aii A — B C*-correspondence and (j) instead of 
(pA- Furthermore, if Ai^Bi and Ai^Bi are C*-correspondences, then a morphism 
{tti,T,tt2) : E- ^ T consists of *-homomorphisms TTi : — )■ Bi and a linear map 
T : E ^ T satisfying 

(i) 7r2((e,r7)A.) = (T(0,T(r7))B. 

(ii) T(0^,(ai)O = 0B,(7ri(ai))T(O 

(iii) T(e)7r2(a2) = nia^) 
for all S,iTi & £ and G Aj. 

Notation 2.5. When A = i?, we refer to a^a as a C*-correspondence over A. For 
£^ a C*-correspondence over A and J-" a C*-correspondence over 5, a morphism 
(vr, T,n) : £ ^ will be denoted by (T, vr). 

Definition 2.6. [56j If J-" is the Hilbert module cCc where C is a C*-algebra with 
the inner product {x, y)B = x*y then call a morphism (T, vr) : a£b — )■ C of Hilbert 
modules a representation of a^^b into C 

Remark 2.7. Note that a representation of a£b need only satisfying [i) and (m) 
of definition 12.41 as it was unnecessary to require (iii). For a proof, see [52] Remark 
2.7]. 

A morphism of Hilbert modules (T, vr) : £^ — t- J-" yields a *-homomorphism '■ 
1C{£) -> /C(J^) by 

^t(4^) = ^r(0,T(„) 

for & £ and if (5, a) : P — ?■ and (T, tt) : £ ^ are morphisms of Hilbert 
modules then o = ^Tos- In the case where = B a C*-algebra, we may 
first identify /C(-B) as B, and a representation (T, vr) of £^ in a C*-algebra B yields 
a *-homomorphism \E't : }C{£) B given by 

vI/^(%,) = T(OT(r/)*. 

Definition 2.8. For a C*-correspondence £^ over A, denote the ideal (j)~^{}C{£)) 
of A by J(i^), and let = J{£) fl (ker (/>)-'- where (ker 0)-*- is the ideal {a G A \ ab = 
for all b G ker 0} . If a^a and _b J^b are C*-correspondences over A and -B re- 
spectively and K <l J{£), a morphism (T, vr) : £ ^ T is called coisometric on K 
if 

^T(0A(a)) = 0B(vr(a)) 
for all a G -ft', or just coisometric, ii K = J{£). 

Notation 2.9. We denote C*(T, vr) to be the C*-algebra generated by T{£) and 
vr(y4) where (T, vr) : £ ^ B is a. representation of a£a in a C*-algebra B. Further- 
more, if p : 5 — !■ C is a *-homomorphism of C*-algebras, then p o (T, vr) denotes the 
representation (p o T, p o vr) of 

Definition 2.10. [56j A morphism (T^, vr^-) coisometric on an ideal K is said to be 
universal if whenever (T, vr) : £^ — t- i? is a representation coisometric on K, there 
exists a *-homomorphism p : C*(T£,vr£-) — t- i? with (T, vr) = po (T£-,vr£:). The 
universal C*-algebra C*{Ts,tts) is called the relative Cuntz-Pimsner algebra of £ 
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determined by the ideal K and denoted by 0{K,£). If = 0, then 0{K,£) is 
denoted by T{£) and called the universal Toeplitz C*-algebra for S. We denote 
0{Js,£) hjOe. 

2.2. Topological Quivers. 

Definition 2.11. [56] A topological quiver (or topological directed graph) Q = 
{X, E, Y, r, s, A) is a diagram 

X E Y 

where X, E, and Y are second countable locally compact Hausdorff spaces, r and 
s are continuous maps with r open, along with a family A = {Xy\y G Y} of Radon 
measures on E satisfying 

(1) supp Ay = r~^{y) for all y eY, and 

(2) y ^ A,(/) = J^f{a)dXy{a) G C,{Y) for / G C,{E). 

Remark 2.12. lfX = Y then write Q = (X, E, r, s. A) in lieu of (X, X, r, s. A). 

Remark 2.13. The author provides a broad history and a series of examples of 
topological quivers in [51], [52] . 

Given a topological quiver Q = {X, E, Y, r, s, A), one may associate a correspon- 
dence Sq of the C*-algebra Cq{X) to the C*-algebra C7o(y). Define left and right 
actions 

(a-e-6)(e) = a(s(e))e(e)6(r(e)) 

by Co{X) and Co(V) respectively on Cc{E). Furthermore, define the Cc(y)-valued 
inner product 

{C,v)iy)= ^{a)ri{a)dXy{a) 

for C,,ri E Cc{E), y E Y, and let £q be the completion of Cc{E) with respect to the 
norm 

m\ = \me''\\o. = \\\y{\e)\\]L'. 

Definition 2.14. Given topological quiver Q over a space X, define the C*-algebra, 
C*{Q) associated with Q to be the Cuntz-Pimnser C*-algebra of the correspon- 
dence £q over A = Co(X). 

2.3. Topological Group Quivers. 

Definition 2.15. Let F be a (second countable) locally compact group and let 
a, /3 G End(F) be continuous. Define the closed subgroup, i7Q,^(F), of F x F, 

n^^piV) = {{x,y) G F X F I aiy) = /3(x)} 

and let (5q,_/3(F) = {T,Qa,/3(X),r, s, X) where r and s are the group homomorphisms 
defined by 

r{x,y)=x and s{x,y)=y 
for each {x,y) G Qa,i3(X) and A^ for x G F is the measure on 

r~^(x) = {x} X a"-^(/3(a;)) 
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defined by 

Xx{B) = n r"^(x)) nkera) (for auyy e 

for each measurable B C r2^^(r) wliere /i is a left Haar measure (normalized if 
possible) on r"^(lr) = {1} x kera (a closed normal subgroup of F x F; hence, a 
locally compact group). Note if r~^{x) = then a~^(/3(x)) = and so A^^ = 0. This 
measure is well-defined, 

supp = {x} X ykeia = {x} x a~^{(3(x)) = r~^(x) 

and y h-). Xy{f) is a continuous compactly supported function (cf. [52", Definition 
3.1]. 

Call Qa,/3(F) a topological group relation. Define Sa,/5{^) to be the Co(F)-correspondence 
Sq^ a(r) ^'^d form the Cuntz-Pimsner algebra 

O^A^) := C*(Q„,^(F)) = 0(J^^^(r),^„,^(F)) 

and the Toeplitz-Pimsner algebra 

%A^) :=r(g,,^(F)). 

Remark 2.16. It will be implicitly assumed that F is second countable. Further- 
more, since F is locally compact Hausdorff, r~^{x) is closed and locally compact. 
Moreover, whenever r is a local homeomorphism, r~^(x) is discrete and hence, A^; is 
counting measure (normalized when | kera| < oo.) 

Example 2.17 ([52j). For the compact abehan group T'^, note End(T'^) = Mrf(Z) 
(j67j): that is, an element a G End(T'^) is of the form ap for some F G Mdi^l) where 

(JF\G ) = ^ 

for each t G Z'^. To simplify notation, use F and G in place of 0"^ and ac whenever 
convenient. For instance, 

g^,G(T'^) :=Q.,,.^(T'^) 

and the C*-correspondence 

where F,G & Md{1^). We will consider the cases when these maps are surjective; 
that is, det F and det G are non-zero. 

Let F,G e Mrf(Z) where det F, det G ^ 0. Then |kercTi.| = |detF| and so, the 
C(T'^)-valued inner product becomes 

for ^,r/ G SfA^"^) and x G T*^. This is a finite sum since the number of solutions, 
y, to <7F{y) = o'cix) given any x G T'' is | det F\ < oo. 
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Remark 2.18. The left action, 0, is defined by 

(f){a)^{x,y) = a{y)^{x,y) 

for a e C(T'^), ^ e C{Qf,g{^'^)) and {x,y) G Qf,g{^'^)- Note: is injective. To see 
this claim, let a G C{T'^) and assume (f){a)^ = for each ^ G C(f2i7'^G(T'^)). Then 
a(?/)C(a;,l/) = for each {x,y) G ^p^ai^'^) and ^ G C(^]^,G(T'^))• Since s((]^,g(T'^)) = 
{y G T'^ I {x,y) G = T'^ by the surjectivity of ap, a = 0. 

Remark 2.19. It was shown in (52] that one may assume the matrix F is positive 
diagonal. 

Let F = Diag(ai, ...,ad) G Md{Z),G = {hjkYj^k=i ^ where aj > for each 

j = l,...,d, detG 7^ and let Gj denote the j-th row of G, (6jfc)fc=i- Further, let 
AT = det F = nj=i «i > and let 

3{F) = {u = (z.,)^ti G I < < a, - 1}. 

The C(T'^)-valued inner product becomes 

(^,r7)(x) = ^ ^ i{x,y)T]{x,y) 

for all ^,r/ G C(f}F,G(T'^)) and x G T*^. 

Given u G ^(F),' define G C(fiF,G(T'^)) by 

d 

u^{x,y) =y'' = Y[y''' 
i=i 

for {x,y) G r2i;',G(T'^)- It was shown in [52] that {^ii/}^ea{F) is a basis for £^i?^G(T'^) 
and also the following: 

Theorem 2.20. [SH Theorem 3.23] Let F = Diag(ai, a^), G G Md(Z) where 
det F, det G 7^ and let Gj be the j-th row vector of G. Further, let 3{F) denote 
the set {u = (z/j)j^=i e Z'^\0 < uj < aj - 1}. Then Cf,g(T'^) is the universal C*- 
algebra generated by isometrics {Su}ue3{F) and (full spectrum) commuting unitaries 
{Uj}'j^i that satisfy the relations 

(1) StS,, = {u,,u,,) = 6:\ 

(2) U^S = for all u G 3{F), 

(3) U-'S = SU^\ for all j = 1, d and 

(4) 1 = Yl,ue'3{F) ^vS* = J2iye3(F) U^SS*U 

where U" denotes 11^=1 ^J^- Furthermore, 7^,/3(r) is the universal C*-algebra gener- 
ated by isometrics {Sy}y(z'2(F) and commuting unitaries {Uj}^^^ that satisfy relations 
(l)-(3) 
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3. Six Term Exact Sequence for Oa,/3{T) 

In this section, we follow and extend the approach of |24j to create a six term 
exact sequence. Let F be a compact group with G End(r). Suppose the left 
action for the correspondence, 0, is injective where (p is defined by 

for a G C(r), ^ G C{Qa,i3(X)) and {x,y) G fla,i3(X)- Furthermore, we shall assume 
the existence of an orthonormal basis (see DefintionQ {ui}tV ^^A'^)- 

In order to construct our exact sequence for K^{Oa,i3{T)), note the short exact 
sequence 







-y ker q %,p{T) O^^fsiT) 



0, 



where q : 7^,/3(r) — > Oa^/siT) is the canonical quotient map and l : kerg — )■ 7^,/3(r) is 
the inclusion homomorphism, induces the six-term exact sequence of i^'-groups (see 

!) 



i^o(ker q)^^Ko{raA^))^^KoiO^A^)) 



(3.1) 



Si 



5o 

Y 

.ft'i(ker q) 



Let (T, vf) denote the universal Toeplitz representation on ^^^^(r); that is, vr = qoir 
is the morphism C(r) — )■ Oa^p^T). As shown in ^60^ Theorem 4.4], the homomor- 
phism TT : C(r) — )■ 7^,/3(r) induces an isomorphism of Ki{C(T)) onto ii'j(7^^^(r)). 
Thus we may replace KiiTa^piX)) with Ki{C(T)) provided we can identify the re- 
sulting maps. We intend to show that (13. ip induces the six-term exact sequence 

(3.2) t 

K,{O.A^)) ^- iri(C(r)) „ K^iC{T)) 



for TT = g o TT : C(r) — )■ ^^^(r) and an appropriately chosen homomorphism Q : 

c(r) ^ M^(C(r)). 

Lemma 3.1. Define : C(r) ^ A/r^((:7(r)) by fi(a) = {{ui,a- Mi))f^=o. Then 
is a unital homomorphism and fi(a*(a)) is the diagonal matrix /3*(a)lAr for all 

a G c(r). 
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Proof. Let a,b E C{T). Then the (z,j)-entry of il(a)Q,(b) is 
{Q{a)Q{b))ij = ^{ui,a ■ Uk){uk,b ■ Uj) 

k=0 

= {ui,a- C^Uk ■ {uk,b-Uj))) 

k 

= {ui,a- [b-Uj)) 
= fl{ab)ij. 



Furthermore, for a* denoting the map a*{x) = a{x) for x G F, 

^l{a*) = {{ui, a* ■ Uj))ij = {{a- Ui, Uj))ij = {{uj, a ■ Ui)*)i^j = ^l{ay 

and 

= {{ui,Uj))ij = {Sl)ij = In- 

Finally, let x G F. Then 

fi(a*(a))jj(x) = {ui,a'^{a) ■Uj){x) 



Ui{e)a{a{s{e)))uj{e) dXx{e) 



Ui{e)a{l3{x))uj{e) dX^{e) 
1 — 1 (x) 



a{(5{x)) I Ui{e)uj{e) dX^{e) 
a{f3{x)){ui,Uj){x) 

siP*{a){xy, 



hence, f2(a;*(a)) = /3*(a)l 



N- 



□ 



In order to describe ker q, use the notation S'^^ := £^o,/3(F)®'^ for the fc-fold internal 
tensor product of C*-correspondences (jH]) Sa^piT) ® ■ ■ • (^Sa^piT), which is itself a 
C*-correspondence over A = C(F). For the universal covariant representation (T, vr) : 
^a,i3(X) Tq^^{T) (that is, q{Tj) is the isometry Sj with T{uj) = Tj,) there is, in 
fact, a Toeplitz representation (T®^ ^) of 7;,/3(F) such that T^'^(0 = ULi^i^i) 
for all elementary tensors ^ = (g) ■ • • Cg) ^fc where G Sa,^{T) (see [271 Proposition 
1.8] where the term "Hilbert bimodule" is used instead of C*-correspondence.) Note 
^a,/3(F)®° := C(T) and := ^. By [ZH Lemma 2.4], 

Next, let p = '^^^Q TjT* . The proceeding lemmas and propositions are essentially 
those found in [211 Lemma 3.2, Lemma 3.3 & Proposition 3.4] with some changes. 

Lemma 3.2. With the preceding notation: 

(1) p is a projection which commutes with 7r(a) for all a G C(F) 
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(2) 1 — p is a full projection in ker q 

(3) (1 - p)T®^{i) = for all ^ G S'^'' and k > 1 

(4) kerg = sp[n{T®*^(0(l - p)T^'''(r?)* | A;, A;' > 0,^ G £®^r/ G S'^'''} 

Proof. (1) Recall that T*Tj = Tx{{ui,Uj)) = Sj. Thus, = p and p* = p. Further- 
more, 

Af-l N-1 

pTT{a)p = TjT*n{a)TkT^ = ^ Tjn{{uj, a ■ Uk))T^ 

j,k=l j,k=0 

N-l N-l N-1 

j,k=0 k=0 j=0 

N-l 

= ^ T(a ■ Uk)T^ = 7r{a)p 

k=0 

and so, 

pvf (a) = (7r(a)*p)* = (p7r(a)*p)* = pTT{a)p = Tx{a)p. 

(2) Recall 0(a) = XljL'o^ ^i-%>% ' so 

^^(0(a)) = ^ r(a ■ Mj)T(mj)* = ^(a)p 

and 

g(l -p) = g(7^(l) - ^{l)p) = g(^(l) - vl/r(0(l))) = 0. 

Hence, 1 — p = 7f(l) — 7r(l)p G kerg and since kerg is the ideal in 7^,/3(r) generated 
by {7r(a) — \E'r(0(a)) | a G C(r)} and 1 — p G kerg, ker g is the ideal generated by 
{^(a)(l -p) I a G C(r)}. Hence 1 - p is full. 

(3) Let \ G £cA^) then 

Af-l Af-l 
j=0 j=Q 

Thus, (1 - p)T(0 = 0. Now for A; > 1, let ^ = ® ... O ^k- Then 

(i-p)T«^(o=(i-p)n^fe)=o 

j=0 

and hence, by linearity and continuity, (3) has been proven. 

(4) Since ker g = 7^^^(r)(l— p)7^^^(r), the description of 7^,^(r) preceding Lemma 
13.21 paired with (3) gives the desired result. 

□ 

Lemma 3.3. There exists a homomorphism p : C(r) — )■ kerg C 7^,/3(r) such that 
p(a) = 7r(a)(l — p) and p is an isomorphism of C(r) onto the full corner C*-algebra 
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(1 — p)ker g(l — p). 

Proof. By the previous lemma, 

(1 — p)7f (a)(l — p) = vr(a)(l — p) G ker q. 

Thus, p{a) = 7r(a)(l —p) defines a homomorphism p : C(r) — )■ {1 —p) ker g(l — p) C 
ker q. Using the previous lemma, 

(1 - p) ker g(l - p) = span{(l - p)T^\Oi^ - p)T®^'(r?)*(l - p) \ k,k' > 0,^ E r] E ^®^'} 

= span{(l - p)n{a){l - p)n{b)*{l -p)\a,bE C{T)} 

= spanjTf (a)(l — p)\a E C(r)} = ran p. 

Hence, p is surjective. 

In order to show the injectivity of p, choose a faithful representation ttq : C(r) — )■ 
B[H) and consider the Fock representation (Tp,7ip) of £a,i3(X) induced from ttq as 
described in Example 1.4]. The underlying space of this Fock representation 
is F(£„,^(r)) ®A H := ©fc>o(^®*^ ®A H) where A = C(T) acts diagonally on the 
left and Sa^pi^) acts by creation operators. Then Tp{^y is an annihilation operator 
vanishing on the subspace A ®^ H of ^(^^^^(r)) ®^ H. Now, for a E A, 

N-l 

= {TfX 7CF){p{a)) = {Tf X nF)ma){l-p) = 7TF{a){l -Y,TF{u,)TF{u,y). 

j=0 

Since Tp(Mj)* vanishes on A ®a H, we have that p{a) = implies 

N-l 

7iF{a){l - TF{uj)TF{ujy){l ^Ah) = 

j=0 

for all h E H and so, 7r^(a)(l (g)^ h) = for all h E H. Thus, a ®a /i = for all 
h E H and hence, 7ro(a)/i = for d\\ h E H which implies a = since ttq is faithful. 
Hence, p is injective. 

□ 

Lemma 3.4. |251 Lemma 3.5] Suppose that A is a C*-algebra, r > 1 and N > 2 
are integers, and 

{&i,.;fc,t I < j. A; < and < s, t < r} 
is a subset of A. For m, n satisfying < m, n < rA^ — 1, define 

Cm,n = ^j,s;fc,t whcrc m = sN + j and n = IN + k, and 
c^m-.n = bj^s;k,t whcre m = jr + s and n = kr + t. 
Then there is a scalar unitary permutation matrix U such that the matrices C : = 
(cm,n)m,n and Djn,n ■= {dm,n)m,n are related by C = UDU*. 

The following is standard (and also appears in [21]): 
Lemma 3.5. Suppose that S is an isometry in a unital C*-algebra A. Then 

jj _ (S 1 - 

is a unitary element of M2(A) and its class in Ki{A) is the identity. 
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Proposition 3.6. Let (T, vr) denote the universal Toeplitz representation on Sa^/^iT) 



and let {uj}^^^ be an ortho normal basis of Sa^/siT). Further, let p = J2f=o'^j'^j 
where Tj = T{uj). Then, with the maps Q : C(r) M^(C(r)) and p : C(r) ^ 
kerg C 7^,/3(r) defined by 



n{a) = ((Mi,a-Mj))i 



and 



p[a) = 7r(a)(l -p) 

as in Lemmas 13 . 1 1 and 13 . 3^ the following two diagrams {i = 0, 1) commute: 



(3.3) 



P* 



Ki{keT q)- 



Proof. First, let i = 0. Let 2; = {zs,t) £ ^r(C(r)) be a projection and let vr^ denote 
the augmentation map, vr id^, of vr on Mr(C(r)). Then 

and 

TT* o (1 — = [7f.f.(2;)] — 7f * o i7^([2;]). 

Hence, it suffices to show that 

TT* oQ^{[z]) = [7tr{z){plr)]. 

Note that 

^*{[z]) = [{n{Zs,t))s,t] = [{{{Uj,Zs,t ■ Uk))j,k)s,t\, 

SO 

TT* O Q^{[z]) = [((vr((Mj, Zs,t ■ Uk)))j,k)s,t] = [T^rN O Qr{z)]. 

Set bj^s;k,t = T^{{uj,Zs,t ■ Uk)) and C = {cm,n)m,n = T^rN{^r{z)) as in Lemma El 



Let 



T 



(Tolr Tilj. ... T/v_llr\ 

... 



G M^(M,(0„,;3(r))). 



V ... / 

Then TT* = pl^ © Or(Ari) and since Tir{z) is a projection which commutes with pl^, 

(7f,.(2) © Qr{N-l))T 

is a partial isometry which implements a Murray- von Neumann equivalence between 
and 

{Tlr{z) © 0r(7V_i))TT*(7rr(2;) © Or(7V_i)) = TXr{z){plr) © 0^(7V_i); 

thus, 

[^r{z){plr)] = [T*{nr{z)(BOriN-l))T]. 
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Furthermore, 

T*{nr{z)®OriN-i))T = T* \ ... \={T;fCr{z)n 



so the {j,k) entry is {TT{{uj,Zs,t ■ Uk)))s,t- Recall bj^s;k,t = 7i{{uj,Zs^t ■ Uk)) and so 
T* (frr{z) Q) Or{N-i))T = D = {dm,n)m,n as in Lemma [3^ Thus, by Lemma there 
exists a unitary U such that C = U*DU which gives us 

[^r{z){plr)] = [D] = [C] = [^rN O 

as desired. 

For the case i = 1, let m G Mr{C(T)) be a unitary. Note p* : Ki{C(T)) — )■ 
Ki{keT q) is the composition of a unital isomorphism of C(r) onto (1 — p) ker q{l—p) 
with the inclusion of (1— p) ker q{l—p) as a full corner in the non-unital algebra ker q; 
that is, [u] H-> [pr{u)] = [TTr{u){{l-p)lr)] ^ [tt^ (m) ( ( 1 -p) 1^) +^1^] G Ki{(keT q)+) = 
Ki{keTq). Furthermore, 

and hence, we need only show 

[{lTr{u){{l -p)lr) +PU) © Ir(Af-l)] = [vfr(M) © lr{N-l)] " [t^tN O Qr{u)] 

in iri(r„,^(G)). 

We take a brief moment to make an aside: If C G M2rN{Ta,/3(r)) is invertible 
with i^'i-class the identity 1 then the i^i-class is unchanged by pre- and post- 
multiplication by C. In particular, when C is equal to: 

(1) (Lemma 13. 5p a unitary of the form 

S 1-SS* 
^0 s* 

where S is an isometry 

(2) an upper- or lower-triangular matrix of the form 

1 A\ fl 



Oil \A 1 



(which are connected to 1 via likewise for the transpose) 

(3) any constant invertible matrix in GL2rAr(C) (because GL2rAr(C) is path con- 
nected); this implies that row and column operations may be used without 
changing the i^i-class. 



Recall: T 



[T^lr Tily. ... T/v_llr\ 

... 



V ... / 
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With this in mind, calculate 

'(7fr(M)((l -p)lr) +plr) © Ir(Af-l) OrN 



0, 



rN 



Ir 



rN 



T IrN - TT' 

OrN T* 

T {1 - p)lr ® Ir(N-l) 
OrN T* 



{TTr{u){{l -p)lr) + ph) © lr(7V-l) OrN 
OrN IrAf 

{{Tlr{u){l - p)lr) + plr) © lr{N-l))T vf (m)((1 - p)lr) © lr(7V-l) 
OrN T* 

and recall (1 — p)Ti = by Lemma [3.2( 3). hence (1 — p)lrT = and 

[{7lr{u){{l -p)lr) +Plr) © U{N~1)] 

T 7r,.(M)((l - p)lr) © lr(7V-l)' 



rN 



T 7Tr{u){{l - p)lr) © lr{N^l) 
OrN T* 

T 7lr{u) © Ir(Af-l) 
OrN T* 



IrN T*{nr{u) © IriN-l)) 
OrN ^rN 



since TT* = plr(BOr{N-i) and {plr)TTr{u) = TTr{u){plr)- Using elementary operations, 
compute 

[(^,(m)((1 - p)lr)+plr) © Ir(JV-l)] 
'fCriu) © Ir(Af-l) T 



TTr{u) © lr{N-l) T 



OrN 

T 

OrN 



IrN -{TTriu*) © lr(N-l))T 
OrN IrAT 



TTriu) © Ir(Af-l) OrN 

T* -T*{nr{u*) © lr(JV-l))T 

IrAT OrN 
OrN —^rN 



^Tlr{u) © lr{N-l) OrN 

T* -T*{nr{u*)(Blr(N-i))T 

IrN OrN 
-T*{nr{u*)®lr(N~l)) IrN 

^Tlriu) © Ir(Ar-l) OrN 

OrN -T*{^r{u*)®lriN^l))T 

= [nr{u) © lr{N-l)] + [T*{nr{u*) © 1^(^-1))^]. 

Furthermore, 

[T*{7rr{u*) © lr(N-l))T] = [vf^Af (fi^ (^"^ ) )] = - [Tr^TV (^r («) )] • 

Hence, 

[(7fr(M)((l -P)lr) +J5lr) © Ir(N-l)] = [T^r{u) © l,.(Ar_i)] - [nrN O f^rlw)] 

as desired. 



□ 



C*-ALGEBRAS ASSOCIATED WITH TOPOLOGICAL GROUP QUIVERS II 



15 



Theorem 3.7. Let {S,7c) = qo (T, tt) be the universal Cuntz-Pimsner covariant 
representation of Sa^^lT) in (^^^^(r). Then the foUowing diagram is exact: 

Proof. Note p : C(r) — )■ ker q is an isomorphism onto a fuU corner, implying is 
an isomorphism. Further note n^, : Ki{C(T)) — )■ Ki(Ta,i3(X)) is an isomorphism (see 
comments prior to Lemma [3.ip . Then (13. ip and the previous proposition give the 
stated result. 

□ 

4. i^-GROUPS OF Of,g{'^) 

In this section, the approach of [24] is made easier and extended. For this section, 
let a, (3 E End(C(T'^)) defined by a = cr* and (3 = aQ where F = Diag(ai, ad) G 
Mrf(Z)+ and G e Md{Z) such that det F > and det G ^ 0. We know there exists 
an orthonormal basis for Sp^ci'^'^), {uj | < j < — 1}; this is the basis {uu}u€3{f), 
described in Section 3.3, reindexed by 0, 1, — 1. Let Uj be the unitary defined 
by Uj{x) = Xj for x = {xi)f^i G T'' for j G {1, d}. Further, let 

3k = {JC {1, 4 I I J| = A;, J = {ji < ... < J,}} 

and J' = {1, ...,d} \ J in increasing order. Define 

({[!],} iik = 

= I {[Uj]o = [U,,]o A ... A [f/,Jo I J G Offc} if > is even 
[{[Uj]i = [Un]i A ... A [f/,Ji \Je3k} if A; > is odd 

If it is understood, the notation [■] will be used in lieu of [-Jj. 
It is well known (see [34] and [33j Example 3.11 and 3.15]) that 

evens 

with basis {Cfcjfc even and 

odds 

with basis {*£fc}^ q(^j- For subsets J and / of the same size, define Fji to be the 
square submatrix of F whose entries belong to the rows in J and the columns in J. 

With these identifications, the (i^i-group) induced map a*|yyi jd : span{[f/j]}j^]^ — )■ 
span{[?7j]}j^]^ is multiplication by F"^ = F, and /S^ly,^!^^ : span{ [f/,] }^^;^ — j- span{ [L'j] 
is multiplication by G^, the transpose of G. We have 
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Do likewise to prove a^lyyi^^ is multiplication by F. One can also check that a^, and 
/3, act on A° ^'^ by 

a.[l] = [a{l)] = l = [m] = m 
since a and /3 are group homomorphisms. 

Lemma 4.1. For 1 < k < d, the matrix A/^ represent ating : /\^ Z'^ — )■ if- 
with respect to the basis €fc is the diagonal matrix Diag(a7)7g3^ (c^/ = Ilje/ '^«) ^^"^ 
matrix representating : if ^ /\^ if is (det 

Proo/. Begin by noting, Ak = A'' and Bk = /\''G^. Let [f//] G with / = 
{ii < ... < ik}. Then 

k k 

mui]) = {/\G''m] = {/\G^){m A ... A [f/.j) 

= G^[U,,]A...AG^[Ui,] 
d 

= ^n,n^l•••k,-fe([t/mJ A... A [f/^J) 

mi,...,mj.=l 

= K,mi--bi^,mk[Uj] 
[l/j]G(£fc,J={mi,...,mfc} 

= E E (-l)'''''^^n,.0.)-k,<xO.)([^.J A ... A [f/,J) 
= Yl detG,,j[f/j] 

where Sk denotes the symmetric group on k elements. The result for Ak follows by 
speciahzing to the diagonal case. 

□ 

Let Ak and Bk (for k = 0, ...,d) denote the matrices described in Lemma W7L\ that 
is, Ao = Bo = 1, Ak = Diag(a7)/ga^ and Bk = (det G'j/)7,jgafc for k e {l,...,d}. 
From Lemma 13. ![ the map n{af) : G{T'^) Mn{G{T'^)) is the diagonal matrix 
n{af{a)) = a^{a)lN and so, for a = af,/3 = a^ and d = G Mr{G{T'^)), 

Q,oa,{[d]) = [{Qoa)r{d)] 

= [{n{a{ds,t))s,t] 

= mds,t)lN)s,t] 

= N[/3r{d)] 

= NP,[d] 

where f2r-,ar,/3r denote the appropriate augmented maps on M,.(C(T'^)). Using the 
previous lemma and the above equation, the matrix Gk representing on /\^ 1'^ 
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satisfies 

CkAk = NBk 

where it is expected that Ck is a matrix with integer entries for each A; = 0, c?. 

Recall Ak = Diag(a/)/g3^. Let /' = {1, ...,d} \ I ordered so that I = {ii < ... < 
ik}, I' = {ik+i < ••• < id}- Then set Cq = N = det F E Z and 

Ck = 5fcDiag(a7/)/e3^ = (aj/ detGji)ij^~j^ 

for k = l,...,d. Note that Aq = Bq = 1 hj the calculations before Lemma l4.1[ 
Hence, 

CoAo = NBo 

and 

CkAk = 5fcDiag(a//)/ga^Diag(a/)/ga^^ 

= 5fcDiag(a/u/')/e3fe 

= 5fcDiag(ai,...,d)/e3^ 

= 5fcDiag(iV),g3^ = NBk 

for k = 1, d. 

In order to calculate the i^'-theory of Op^ci'^'^), one needs only to calculate ker(l — 
Ck) and coker(l — Ck) for each k = 0, ...,d as the next theorem will demonstrate. 

Theorem 4.2. Let F = Diag(ai, ad),G e Md(Z) such that det G 7^ and aj G N 
for each j = 1, ...,d. With Ck defined as above and Ofg{'^'^) defined as in Example 

Em 

(1) KoiOp,Gm) = ( coker(l - Ck)) © ( ker(l - Ck)), and 

0<k<d,cven 0<fe<d,odd 

(2) iri(Op,G(T")) = ( coker(l - Ck)) © ( ker(l - Ck)). 

0<k<d,odd 0<k<d,even 

Proof. By 13.41 in Theorem 13. 7[ 

l-Ck 

K^icm^^H^^ .KoiCm) ^MOj.^aiT'^)) 



K,{OF,Gm) 



-K,{Cm) 



e ^-Ck 

0<k<d, odd 



■^i(cm) 



is exact, so there are two exact sequences 

> coker(l-Cfc)^^^^0^^^(^d)) ^ ker(l - 



0<k<d, even 



0<k<d, odd 



and 



^ coker(l-C,)_^^^ 



0<k<d, odd 



(OfA^')) 



^ ker(l-Cfe 



0<A;<d, even 
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which spht since 1/ and hence, ker(l — Ck) is free for each k. Thus, 

iro(0F,G(T")) = ( coker(l-Cfc))©( ker(l - C^)) 

0<fe<d, even 0<fc<d,odd 

and 

K^{Of,g{T'')) = ( coker(l - C^)) © ( ker(l - C^)). 

0<A:<d, odd 0<fc<d, even 

Definition 4.3. A matrix Z G Md{'^) is called an integer dilation matrix provided 
each eigenvalue X of Z satisfies |A| > 1. 

Remark 4.4. The case where F is an integer dilation and G = 1^ was computed 
in \24\ Theorem 4.9] where it was found that 

i^o(0F,i(T'^)) = ( coker(l - Qk)) © ( ker(l - Q,)) 

0<A:<d, even 0<fc<(i, odd 

and 

K,{Of,i{T^)) = ( coker(l - Q^)) © ( ker(l - Q,.)) 

0<fc<d, odd 0<A;<d, even 

for the matrix Qk satisfying the relation 

Qfc(detFj7)7,j6a, = Nlf.y 



Recall the Smith normal form of F, F = UDV where U,V & Md{1^) are unimodular 
matrices and D = Dmg{aj)'j^i G M(i{'L) is a positive diagonal matrix. Then by 
properties of matrix minors, 

(det Fji)i^j^2k = UkDkVk 

where Uk = (det 14 = (det K7/)/,jga^ and Dk = Diag(a/)/eafe- Also note 

for {U-')k = {det{U-')jj)j,j^,„ 

Uk{U-')k = {UU-')k = l^^y, 
that is, Uk is unimodular. Hence, for G = U^^V^^, QkUkF>kVk = Nl^d-j implies 
U^^QkUk = f/fc"V;."^Diag(a//)/g3^. = SfcDiag(a//)/e3^, = Gk- 

Therefore, 

ker(l - Gk) = ker(f/,-i(l - Qk)Uk) = ker(l - Qk) 

and likewise, 

coker(l - Gk) = coker(l - Qk); 
that is. Theorem 14.21 extends Theorem 4.9 of 



Here we first consider the case where F = nl^ and G G M(i{'L). To this end, note 
that Gk has a simple form. First of all, note Ak is n'^l^d^^ and hence, 

Gk = n'^^^Bk- (see the calculations preceding Theorem 14.21 ) 
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(a) Ko{On,Gm) 



(b) K.iOn^Gm) 



Theorem 4.5. For d e N, let G e Mrf(Z) (detC ^ 0) and n e N. Then with 
Ck = n'^^^Bk where = (det G'j_/)/^jg3^. G M^d-j(Z) as above, 

(1) If d > 1 and n > 1, then 

coker(l-Cfc) ifdetG^l 
o<k<d, even 

Z © ( coker(l - Ck)) if det G = 1 
o<k<d-i, even 
coker(l - Ck) if det G ^ 1 

o<k<d, odd 

Z © ( coker(l - Ck)) if det G = 1 
o<k<d-i, odd 

(2) If = 1 and G is an integer dilation matrix, then 

(a) KoiOnM^"")) = Z © ( coker(l - Ck)) 

i<k<d, even 

(b) K,{On,Gm) = Z © ( coker(l - G,)) 

i<k<d, odd 

(3) If ci = 1, then 

(a) Ko{On,m{V) = ^n-i and Ki{On,m{V) = for 72 > 1 and m ^ 0, 1 

(b) iro(Ci,,„(T)) = Z and iri(Oi,„(T)) = Z © Z„_i for m ^ 0, 1 

(c) Ko(Cn,i(T)) = Z © Zn-i and Js:i(C„,i(T)) = Z forn > 1 

Proof. For (1), let rf, n > 1 and det G ^ 1. Then Go = n'^ ^ 1 and Cd = det G ^ 1; 
that is, 1 — Go and 1 — G^ are injective. Furthermore, ioi 1 < k < d — 1, 

Ck = n''-'^ {det Gjj) J j^,^. 

Since the characteristic polynomial of a matrix is monic, it follows from Gauss' 
Lemma that any rational eigenvalue of a matrix in Md{Z) must actually be an 
integer. That is, ^ a{{det Gjj)ij) if and only if 1 ^ <j{Ck)- Thus, 1 — G^ is 
injective for each A; = 1, d — 1 and so, ker(l — Ck) = for each k = 0, ...,d. By 
Theorem 14.21 



KoiOnA^'')) = coker(l - Ck), 

0<k<d, even 

and 

iri(a,G(T'^)) = coker(l - Ck). 

0<k<d, odd 

Now assume det G = 1, then, as above, ker(l — Ck) = for A; = 0, — 1. But 
ker(l — Cd) = Z and coker(l — Cd) = Z whether d is even or odd. Theorem 14.21 gives 

Ko(a,G(T"))=Z©( coker(l-Gfe)) 

0<A;<d— 1, even 

and 

i^i(a,G(T")) = Z © ( coker(l - Ck)). 

0<fc<cZ-l, odd 
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/an 


ai2 . 







^22 • 


■ 0'2d 


u 


. 


■ add/ 



For (2), let = 1 and |A| > 1 for all eigenvalues A of G. Then Gq = 1 and 
Gd = detG 7^ 1. We now wish to show that det(l — Gk) 7^ for A; = 1, ...,d. To 
this end, choose a basis of such that G becomes upper triangular (not necessarily 
with integer entries); that is, 



G 



Then Gk is lower triangular with diagonal entries det Gu = Yliei 7^ (since 
|A| > 1 for all A G <y{G)) and so det(l — Gk) 7^ 0. Hence, 1 — is injective for 
k = 1, d and ker(l — Gq) = coker(l — Gq) = Z. Theorem 14.21 now gives 

i^o(Cn,G(T")) = Z © ( coker(l - Gk)), 

l<k<d, even 

and 

iri(C»„,G(T'^)) = Z©( coker(l-C,)). 

l<k<d, odd 

Finally, let us prove (3). If n > 1 and m 7^ 0, 1 then 1 — n and 1 — m are 
injective and coker(l — n) = := Z/(n — 1)Z; likewise, coker(l — m) = Z^-i- 

Thus, Ko{On,m{'^)) = Z„_i and Ki{On,m{'^)) = Zm-i- If n = 1 and m 7^ 0, 1, then 
ker(l — n) = coker(l — = Z, coker(l — m) = Z^-i and ker(l — m) = thus, 
iro(Ci,„(T)) = Z and Ki{Oi^^{T)) = Z©Z„_i. If n > 1 and m = 1, then similarly, 
Ko{On,i{T)) = Z © Z„_i and' iri(a,i(T)) = Z. 

□ 

Corollary 4.6. Let d = 2, n = 1, and 1 ^ cr(G'), the spectrum of G. Then 

(1) if detG = 1, then 

(a) KoiO^,Gm) = 1} 

(b) i^i(C)i,G(T2)) = Z2 © coker(l - G^) 

(2) if detG 7^ i, then 

(a) iro(Ci,G(T2)) = Z©Zi 

-detG 

(b) iri(Oi,G(T2)) = Z © coker(l - G^) 

Proof. Begin with calculating Gq = ra^ = 1, Gi = riG^ = G"^ and G2 = det G. With 
1 not an eigenvalue of G, it is guaranteed that det(l — G^) 7^ and hence, 1 — Gi 
is injective. This leaves us to calculate 

(1) ker(l - Go) = Z 

(2) coker(l - Go) = Z 

(3) ker(l - Gi) = 

(4) coker(l - Gi) = coker(l - G^) 

V (^ r\ ifdetG = l 

^'^'^^^'-^^)= ifdetG^l'^"^ 
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(6) coker(l - C2) 



Z if det G = 1 

^i-detG ifdetG^^l 

□ 



We now calculate the K-theory when F,G E Md{Z) are both diagonal matrices. 

Let F = Diag(ai, a^) and G = Diag(6i, 6^) be diagonal integral matrices of 
non-zero determinant and such that 1 < fli < ... < a^. Let / denote the number of 
I's in F; tliat is, 1 = ai = ... = a/ < a/+i < ... < a^. Let aj = Yliei^^ ^ ^ "^k- 
Then Ak = Diag(a7)7ea^, Bk = Bisig{bi)i^3^ and 

Ck = (dct F)BkA^' = Diag(6/a/0/ea,. 

So ker(l — C^) = Z'^*' where dk is the number of I's in C^; that is, the number of / 
making biap — 1. Furthermote, biap — 1 implies bj — ap — 1 and so {/ + 1, d} C 
/. So let V be the number of negative ones in bd} and let p be the number 

of ones in the same set. Then 



v\/ p 
2rJ \{k-d + f)-2r 



re3 

where 3 ^ {r e N\0 < 2r < v,p - {k - d + f) < 2r < k - d + f}. 

Lemma 4.7. With the context of the preceding paragraph, let p > be the number 
of ones while v is the number of negative ones. Let Pkip,v) be the number of 
combinations of choosing k digits of I's and —I's that multiply to 1 and let Vk{p, v) 
be similar, but multiplying to —1; that is, 

^ (2r)G-2r 

0,k-p<2r<v,k ^ / ^ 

and 



p 

2r + l)\k-2r 



0,k-p<2r+l<v,k 

ioY < k < p, po{p, = 1 if p > 0, and vo{p, v) = Vk{p, v) = pk{p, v) = po{0, v) ^ 
for k > p. Then 



0<k<p 




if f = and p > 
if ^; 



Proof. First realize that Pk{p, v) + Vk{p, v) = (^^^) since it is the number of combi- 
nations of choosing k digits to multiply to either 1 or —1. Thus, 

k k it ^ ^ 

So if = 0, then the proof is done. 

Assume v ^ and let v be odd. Then claim Vk{p,v) — Pp-kiP)'^)- This can 
be easily seen by realizing that, for each choice of k digits to multiply to —1, the 
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remaining digits multiply to 1. Thus, ^k'"k{P,v) = ^kPp-k{p,v) = Yl,kPkip,v) 

and so, Y.kPkM = l^"^" = 2^^""'- 
Now let V be even. Then, for even k ^ 

vkip, V) - v,ip, y: (2' +\) {k - 1 - 1) 



0,k-p<2r+l<v,k 

E 

0,k-p+\<2r+l<v,k 

^ E I 

0,fe-p<2r+l<'U,fe 

^ E 

0,fe-p<2r+l<'U,fc 



V — 1\ f p 

2r + lJ\k-2r-l 

2r + l) \2r + l)\k-2r - I 

V — \\ f p 
2r )\k-2r-l 

p — 1 



^ \2r J Uk - 1) - 2r 

0,{k-l)-p<2r<v-l,k-l ^ ^ > 

^Pk-i(p,v- 1). 
Since — 1 is odd and Vo{p, v) — 0, we get 

E Vk{p, v) = J2 Mp, v-1) + Y,Pk-i{p, 2^'+^-^ + 2^^+^-^ = 2^+^-' 

k k>0 k>0 

and consequently, 

J2Pk(p,v)^2P+^-\ 



□ 



Theorem 4.8. Let F = Diag(ai, .... a,]) and G = Diag(6i, ...,bd) be diagonal integral 
matrices of non-zero determinant and such that 1 < ai < ... < aa- Let / > denote 
the number of I's in F, let v be the number of negative ones in &d} and let 

p be the number of ones in that same set. Then 

(1) if p = and v = 0, then 

(a) Xo(OF,Gm) = [0Zi_,,„,,] 

0<k<d, even /GCJfe 
0<fe<d, odd iGJk 

(2) if p = and v > 0, then 

(a) Xo(OF,Gm) = z^"-^-^ e ( [ Zi_,,„J] 

0<k<d, odd Ie3k,biaj,ytl 
0<fc<d, odd I&3k,biajij^l 

(3) if 1) = 0,p > 0, we have 

(a) Xo(OF,Gm) = e ( [ Zi_,,„J) 

0<fe<d, even I^3k,biaji^l 
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0<k<d, odd Ie3k,biaj,j^l 

(4) if V ^ 0,p > 0, then 

(a)i^o(Oi^,Gm)=Z^^^^-^®( [ Z,_,,„J) 

0<A;<(i, even lE^k^biaj/^l 

(h) K,{o,,Gm) - ® { [ zi-M.]) 

0<A;<d, odd Ie'3k,hiaji^l 

Proof. Begin by calculating 

(1) ker(l-C,)= Z'^ 

A;,evcn(odd) A;,even(odd) 

(2) coker(l-C,)= ( Z,_,,„^,) © ( Z''^). 

fc,even(odd) fc,even(odd) biaj/^l,l£3^. fc,even(odd) 

Thus, 

KoiOp^ciT'')) = { coker(l - Cfe)) e ( ker(l - C^)) 

0<A;<d, even 0<A;<d, odd 

= (0z*)e(0( z,_„.„) e ( © z"') 

fc,odd fc,even biajij^l,l€3k fe,even 

= (0Z*)®(0( z,_„.„) 

k fe,even 6/Oj/^l,/£3j. 

^Z^^'^'=®(0( z,_,,,,). 

A;, even bjaji^\,I&3k 

Similarly for Ki, 

MOp^GiT") = Z^^"'' ® ( ( Zi_,,„^,). 

A;, odd biaji^l,I&3k 

If p = and f = 0, then there is no way to multiply to get 1. Hence, 1 — is 
injective for all k and the result follows readily. If p = and > 0, then dk — Q for 
all odd k or k > V and — (^) for all even k < v. Thus, 

fe 2<2ik<?; ^ ^ 0<2fe<D ^ ^ 

and the rest follows. 
If p > 0, then 

' v \ [ p 



re3 



2rJ \{k-d + f)-2r 



where 3 ^ {r e N\0 < 2r < v,p - {k - d + f) < 2r < k - d + f}. Let k' ^ k - d + f 
and then 

dk^Pk'{p,v) 
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where Pk'{p, v) was defined in the above lemma and so, 
and once again the rest follows. 



□ 



Remark 4.9. If /, the number of ones in F, is then Ck is injective for k — 
0, (i — 1. It is then very simple to calculate the X-groups whether det G = 1 or 
det Gy^l. 

Corollary 4.10. If F = nld,G = mid G Md(Z) where n e N and m e Z are 

non-zero, then 

(1) if either n > 1 or \m\ ^ 1, then 
(a) Ko{On,mm) = 



(b) = Z 



0<fc<d, even 
0<k<d, odd 

2" 



,d-l 



(2) if n = m = 1, then Ko{Oi,i{T'^)) = Xi(Oi,i(T'')) = Z^ 

(3) if n = 1, m = -1, then iro(Oi,_i(T'')) = Xi(e>i,_i(T'^)) = Z^'"' Z 
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